Let F be a totally real field and χ a primitive narrow ray class character of F . We prove a formula for the Fourier coefficients of the Siegel Eisenstein series of degree n, weight k and character χ under certain conditions on χ. We also prove the existence of Λ-adic Siegel Eisenstein series of degree n.
Introduction
In [15] , we calculated the Fourier coefficients of Siegel Eisenstein series of Sp 2 (Q) for an arbitrary primitive Dirichlet character. As an application, we constructed the p-adic analytic family of Siegel modular forms that interpolates Siegel Eisenstein series of Sp 2 (Q), that is Λ-adic Siegel Eisenstein series. In this paper, we generalize our result to the case of Siegel Eisenstein series E (n) k,χ of Sp n (F ) for a primitive narrow ray class character χ of F , where F is a totally real field and n is a positive integer. We calculate the Fourier coefficients of E (n) k,χ under the following conditions on χ:
(i) The conductor of χ is relatively prime to 2.
(ii) If v is a finite place of F and χ v is ramified, then χ 2 v is also ramified.
Email address: stakemorii@gmail.com () If F is the rational field and χ is a primitive Dirichlet character modulo N , then the conditions mean N is odd and χ p is not the quadratic character modulo p for every prime p | N . Though we cannot explicitly compute Fourier coefficients of E (n) k,χ for an arbitrary χ, we can construct Λ-adic Siegel Eisenstein series that interpolates E (n) k,χ with χ satisfying the conditions above. The key ingredient of the proof of our main results is the functional equation of Whittaker functions (Theorem 5.1), which was proved by Ikeda. We assume the conditions above χ not only because we use the functional equation. If χ does not satisfy the conditions above, Fourier coefficients of E (n) k,χ would be complicated (see [9] , [15] for the case where n = 2). In this case, The difficulty of computing the Fourier coefficients of Siegel Eisenstein series lies in the fact that the space defined in Lemma 8.2 is not one dimensional.
We state our main results. Let Here v runs over the set of infinite places of F and ι v is the real embedding corresponding to v. For a ∈ F × , we put sgn χ (a) = v|∞ sgn rv (ι v (a)) .
We define a character χ f : (O F /N) × → C × by χ f (a) = sgn χ (a)χ ((a)) .
We denote by H n the Siegel upper half space of degree n:
H n = z = x + iy x, y ∈ Sym n (R), y is positive definite .
Let n be a positive integer. For 0 ≤ i ≤ n, we denote by w n,i the matrix given as follows. We put w n = w n,n . We define the symplectic group of degree n by Sp n (R) = g ∈ GL 2n (R) t gw n g = w n , for any commutative ring R. For g ∈ Sp n , we denote g = a g b g c g d g with a g , b g , c g , d g ∈ M n . Define the Siegel parabolic subgroup P n by P n (R) = g ∈ Sp n (R) c g = 0 .
We define a congruence subgroup Γ Let k be positive integer. We assume that χ f (−1) = (−1) k and k > n + 1. We define the Siegel Eisenstein series E (n) k,χ of degree n on v|∞ H n as follows.
Here det(cz + d) −k is give by
The right hand side of (1.2) is absolutely convergent and defines a SiegelHilbert modular form of degree n, weight k, character χ and level N. For R = O F or O v with v < ∞, we define the set of half integral matrices by Sym ( * ) n (R) = B ∈ Sym n (K) Tr K/L (Tr(AB)) ∈ S, for all A ∈ Sym n (R) .
Here we put k,χ . Here we put e(Bz) = exp
The inequality 0 ≤ B means B is totally positive semi-definite. The first main result of this paper is the formula for a(B, E (n) k,χ ). We prepare some notation for our main result. Let B ∈ Sym ( * ) n (O F ) and put r = rank F B. There exists a matrix A ∈ GL n (F ) such that 
If r is odd, then a(B, E
(n) k,χ ) is given by
Here for a Hecke L-function L(s, χ)
and an ideal N, we denote
where p runs over the set of primes of F relatively prime to the conductor of χ and the ideal N.
in the statement of the theorem is essentially a finite product. If F = Q and n = 1, this factor is equal to the divisor sum
We regard χ as a Dirichlet character modulo N = p|N p np . We decompose χ = p|N χ p , where χ p is a Dirichlet character modulo p np . In this case, the assumption of the theorem is equivalent to N is odd and χ p is not equal to the quadratic character modulo p for all p | N . For F = Q, Katsurada [6] proved an explicit formula for the polynomial Φ (n) p (B; T ) for an arbitrary n. Thus by the theorem, we obtain an explicit formula for a(B, E (n) k,χ ) in this case. If p | N and χ p is the quadratic character modulo p, then p-Euler factor of a(B, E (n) k,χ ) does not seem to be simple (cf. [9] , [15] ).
In the next section, we shall define another Siegel Eisenstein G The second main result of this paper is the existence of Λ-adic Siegel Eisenstein series. By Theorem 2.3 and the existence of the p-adic Hecke Lfunctions [1] for totally real fields, we can prove the existence of Λ-adic Siegel Eisenstein series.
Before we state the next theorem, we recall the p-adic Hecke L-functions for the totally real field F . We follow Hida's book [3, §3.9] . For an integral ideal N, we denote the group of fractional ideals of F relatively prime to N by I N . We define the narrow ray class group of F of conductor N by Cl F (N) = I N /P + (N). For a rational prime p, we consider the projective limit 
Here we put
We can prove this theorem easily by Theorem 2.3, the existence of the p-adic measure which interpolates the valued of Hecke L function and the same argument in the Proposition 1 of chapter 7 [3] . We omit the proof.
We recall recent results on the explicit formula for the Fourier coefficients of E (n) k,χ and Λ-adic Siegel Eisenstein series in the case where F = Q. Katsurada [6] proved the explicit formula for the polynomial Φ (n) p (B; T ) for an arbitrary degree n. If the degree n is equal to 2 and the conductor of χ is square free odd integer, Mizuno [9] proved the explicit formula for E (2) k,χ . Gunji [2] also computed local factor of Fourier coefficients of E (2) k,χ at the odd prime. For a general primitive character χ, the author [15] computed the Fourier coefficients of E (2) k,χ . H. Kawamura [8] proved the existence Λ-adic Siegel Eisenstein series that interpolates p-adic stabilization of Siegel Eisenstein series of degree n, level 1. Recently, he [7] also proved the existence Λ-adic Siegel Eisenstein series that interpolates Eisenstein series of degree n with a character of conductor p ν+1 , where p is an odd prime and ν ≥ 1. His method uses the control theorem proved by V. Pilloni.
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Notation. For a commutative ring R, we denote by M n,m (R) the set of n-by-m matrices with entries in R. We denote by M n (R) the set of n-by-n matrices with entries in R. For α ∈ M n,m (R), we denote by t α the transpose of α. We denote by Sym n (R) the set of symmetric matrices of size n with entries in R and by Sp n (R) the symplectic group of size 2n. For α ∈ Sym n (R) and β ∈ GL n (R), we put ν n (α) = 1 n α 1 n and µ n (β) = β t β −1 . Then ν(α) and µ(β) are elements of Sp n (R). For x ∈ M n and y ∈ M n,m , we define
We put 
The definition of G
In this section, we define G 
We denote the space for the normalized induction by Ind
, that is, the set of C-valued functions on Sp n (F v ) satisfying the following two conditions.
Here | · | v is the absolute value of F v . If v is a finite place, then we normalized
for a uniformizer of F v . We define the intertwining operator
Here we take a Haar measure of Sym n (F v ) so that we have
Sym n (Ov) dx = 1 for a finite place v. The integral is convergent if Re s is sufficiently large and has meromorphic continuation to the whole complex plane.
We define a compact subgroup C 0,v of C v as follows.
(ii) If v = p is a finite place and χ p is ramified, then we define
Here p ν is the conductor of χ v .
We define a character κ v of C 0,v as follows.
(i) If v is real, then we define
(ii) If v is finite and χ v is unramified, then we define κ v = 1.
(iii) If v is finite and χ v is ramified, then we define
We denote by φ v (s, ·) the element of Ind
). Then by (3.5), the Eisenstein series E (n) k,χ corresponds to an Eisenstein series on Sp n (A F ) defined by
We denote by φ v (−s, ·) the element of Ind
where v runs over the set of the all places of F . We define an Eisenstein series on Sp n (A F ) by
We explain why we choose ϕ v (s, g) as above. To compute the Fourier coefficients of E (n) k,χ , we have to compute the following local integral at a place v of F 
We put
.
where g runs over the set
Let p be a prime of F and assume p ∈ P and (p, 2) = 1. For 0 ≤ i ≤ n, we set
Here we put q = Np and for a positive integer r, we denote by (x; y) r the following product:
We prove the following proposition in §8.
Proposition 2.2.
Assume that N is relatively prime to 2. If P = ∅, we have
The following theorem gives a formula for Fourier coefficients of G (n) k,χ . We prove the theorem in §7. 
If r is odd, then a(B, G
Remark 2.4. Theorem 1.1 follows from Proposition 2.2 and Theorem 2.3.
Classical and adelic Siegel-Hilbert modular forms
In this section, we define classical and adelic Siegel-Hilbert modular forms and recall the relation between them.
The symmetric group Sp n (R) acts on H n by
for g ∈ Sp n (R) and z ∈ H n . We define a factor of automorphy j(g, z) by
Let N be an ideal of F . Let Γ (n) 0 (N) be the congruence subgroup defined by (1.1). Let χ be a narrow ray class character modulo N and k be an integer. We define the space M k (Γ (n) 0 (N), χ) of Siegel-Hilbert modular forms of weight k, of character χ, of level N by the set of holomorphic C-valued functions f on v|∞ H n satisfying the following condition:
If m = n = 1, then we add the cusp condition. By the condition (3.1), we have the Fourier expansion
By the Koecher principle (or the cusp condition), we have a(B, f ) = 0 unless B is totally positive semi-definite. Next we consider modular forms on the adele group Sp n (A F ). Let C v and C 0,v be the compact subgroups of Sp n (F v ) defined in §2. We put C 0 (N) = v<∞ C 0,v . Since the strong approximation theorem holds for Sp n , we have
For a C-valued function f on v|∞ H n satisfying (3.1), we define a C-valued function f on Sp n (A F ) by
where α ∈ Sp n (F ), γ ∈ C 0 (N), ξ ∈ v|∞ Sp n (F v ) and g = αγξ. Then f (g) does not depend on the choice of α, γ and ξ.
By definition f satisfies the following conditions:
Conversely, given a function f on Sp n (A F ) satisfying (3.2), (3.3) and (3.4) we define a function f on v|∞ H n satisfying (3.1) by
where z = g ∞ · i and g ∞ ∈ v|∞ Sp n (F v ). Then this gives the inverse map to the map f → f . For a place v of F , we define a character ψ v of F v as follows. If v is real, then we put ψ v (x) = e(ι v (x)). Let v is a finite place and p be the residual characteristic of F v . We define a character ψ p of Q p by the unique continuous character such that
For B ∈ Sym n (F ) and a function f on Sp n (A F ) satisfying the conditions (3.2), (3.3) and (3.4), we define a function Wh B (f ) on Sp n (A F ) as follows.
Here we take a Haar measure of Sym n (A F ) so that
Here for y = (y v ) v|∞ ∈ v|∞ Sym n (R) with y v > 0, we put
Siegel Eisenstein series and the Euler factor of Fourier coefficients
Let k be an integer and f an element of Ind
). We define an Eisenstein series E f on Sp n (A F ) associated with f by
We assume that the right hand side is absolutely convergent.
In
Let B, y ∈ Sym n (R) be symmetric matrices and assume y is positive definite. For α, β ∈ C, we define a function ξ by 
Then, there exists a function ω(y, B; α, β) holomorphic with respect to α and β and satisfies the following equation.
Here τ, θ is
If B is positive definite, then the following holds.
For g ∈ Sp n (A F ) and 0 ≤ i ≤ n, we put
Here γ runs over the set P n (F )\P n (F )w n,i P n (F ). We set
where 0 i,j is the zero matrix of size i × j. If i = 0, we understand S 0,n (F ) = {0 n } and P 0,n (F ) = GL n (F ). Then Wh B,i (E f )(g) becomes
Here β and α run over S i,n−i (F )\Sym n (F ) and P i,n−i (F )\GL n (F ) respectively. For α ∈ P i,n−i (F )\GL n (F ), we put
. We assume that there exits an infinite place of
Here v runs through all the places of F .
Proof. By definition, we have
Then the function f (w n,i ν n (β)ν n (u)g) does not depend on u 12 and u 22 . Therefore unless
Fix an infinite place w of F satisfying the assumption in the theorem. Let
be the Iwasawa decomposition in Sp n (F w ). Then we have
Here β and y are the upper left i × i block of β and γ t γ respectively. Then we have 
Before proving the next proposition, we introduce a lemma. 
Lemma 4.3 (Proposition 3.6 of [13]). We define a set M n by
is bijective.
Proposition 4.4. Let v be a finite place of
F . Let φ n,v (−s, g) = φ v (−s, g) be the function on Sp n (F v ) defined by (2.3) and ϕ n,v (s, g) = ϕ(s, g) the function on Sp n (F v ) defined by (2.4). Then, for 1 ≤ r ≤ n and g ∈ Sp r (F v ), we have ϕ n,v (s, ι n (g )) = ϕ r,v (s + n − r 2 , g ).
Proof. By the Iwasawa decomposition Sp
Here we take a Haar measure of Sym n (F v ) so that Sym n (Ov) dx = 1. Let L be a lattice of Sym r (O v ) such that
By the definition of φ n,v (−s, g), we have
If Re(−s) is sufficiently large, then by Lemma 4.3 we have
where the summation index runs over 
Let M r be a complete set of representable of
Then the set
gives a complete set of representable of GL n (O v )\M n,r / ∼ M 0 . We can prove this as follows. It is easy to see that every element (c, d) ∈ M n,r is equivalent to some element of M n,r . Suppose that two elements (α(c 1 ,
Here we put u = u 1 − u 2 , c = c 1 and d = d 1 . Since the pair (c , d ) is co-prime and
we have uc −1 ∈ M n−r,r (O v ) (see [13, Lemma 3.3] ). Thus u 1 = u 2 and the set M n,r is a complete set of representable of
we have
Thus we have
ϕ n,v (s, ι n (g )) = L dx (c ,d )∈ Mr u∈ U (c ) φ r,v −s + n − r 2 , w r ν r (c −1 d )g , = L dx (c ,d )∈ Mr φ r,v −s + −n + r 2 , w r ν r (c −1 d )g , = ϕ r,v s + n − r 2 , g .
Functional equation of Whittaker functions
In this section, we introduce the explicit functional equation of Whittaker functions proved by Ikeda.
Let K be a local field. Let ψ be a nontrivial additive character of K and χ be a character of K × . Suppose B ∈ Sym n (K) and det B = 0. For
For a character ω of K × , we denote by ε(s, ω, ψ) the local factor from Tate's thesis and put γ(s, ω, ψ) = ε(s, ω, ψ)
. If n is even, we define D B by (−1) n/2 det B. We denote by χ B the character of K × corresponding to the extension K( √ D B )/K by the local class field theory. For a ∈ K × , we denote by α(a) the Weil index of the character of second degree x → ψ(ax 2 ). By [14, lemma 2.4], we have
If n is odd, we define η B by
Here ·, · is the Hilbert symbol of K and h(B) is the Hasse invariant defined by
. . , a n ) for a matrix U ∈ GL n (K).
Theorem 5.1 (Ikeda). The following equation holds.
Wh (−s) B •M w = χ(det B) −1 | det B| −s c(s, B) Wh (s) B .
The function c(s, B) is given as follows. (i) Let n be even. Then we have
(ii) Let n be odd. Then we have 
Euler factor at unramified places
Let v be a finite place of F such that χ v is unramified and B ∈ Sym 
Here M n the set defined in Lemma 4.3. We put
where ord v is the normalized additive valuation of F v . Then, we have
Here q v is the order of the residue field O v /( v ). This series is called the Siegel series and has been examined by several authors. We introduce some of the known results. Let A (n) B (T ) be the formal power series such that 
γ(B; T ) =
Here, when n is even, we define
Moreover if B satisfies the following condition,
By the functional equation of Whittaker functions 5.1, the following theorem holds.
Theorem 6.2 (Ikeda
Here η B is defined in §5. Then the following functional equation holds.
Remark 6.3. The theorem was first proved by Katsurada [6] in the case where p is a rational prime and F v = Q p .
Proof of Theorem 2.3
In this section, we prove Theorem 2.3. Let B ∈ Sym ( * ) n (O F ) and put r = rank F B. We assume that r is even. Since the computation is similar, we omit the proof when r is odd.
and
From (3.6), we have
By Proposition 4.2, we have
where
, the upper right block of U −1 U v is the zero matrix. We put
Let v be an infinite place of F and let us consider the factor at v. Replacing
By a similar computation at a finite place and the fact that det U ∈ F × , we have
where g 
Let v be an infinite place and κ 
Here ξ is the function defined by (4.2) . By (7.1) and equations above, we have
By Theorem 4.1, we have
By equations (7.2), (7.3), Theorem 5.1, Theorem 6.2 and the functional equation of Heck L-function, the following equation holds.
Here φ v is defined by (2.3) and A is given by
By the definition of φ v , we have
Let v be a finite place such that χ v is unramified. Then
By (7.4) and the equation above, we have 
Here, for an ideal 
When χ 2 p is ramified, then this proposition follows from the lemma below and (7.4). When χ 2 p is unramified, we need some computation of the value of intertwining operators.
Lemma 8.2. Let Ind
Spn Pn ( χ −1 p | · | s p ) C 0 (p ν ) denote the space defined below. f ∈ Ind Spn Pn ( χ −1 p | · | s p ) f (gγ) = χ p (det d γ )f (g), for all g ∈ Sp n (F p ) and γ ∈ C 0 (p ν ) .
Then we have
Proof. By Bruhat decomposition, we have
If ν = 1, then we also have
When χ 2 p is unramified, then the assertion of the lemma follows from this. Next, assume that χ
Here
. Therefore, we have the assertion of the lemma.
In the rest of this section, we assume χ 2 p is unramified. By Lemma 8.2, we have
Here, we put
wn is the intertwining operator defined by (2.1). Thus, to prove Proposition 8.1, it is enough to prove proposition below. 
